We develop a semi-relativistic quantum fluid theory based on the expansion of the Dirac Hamiltonian to second order in 1/c. By making use of the Madelung representation of the wave function, we derive a set of hydrodynamic equations that comprises a continuity equation, an Euler equation for the mean velocity, and an evolution equation for the electron spin density. This hydrodynamic model is then applied to study the dynamics of a dense and weakly relativistic electron plasma.
I. INTRODUCTION
During the last decade, an increasing effort has been devoted to the theoretical and experimental study of laser-matter interactions (REFS). The experiments are typically performed by exciting a magnetic system with a high intensity laser field and the spin dynamics is probed by measuring the change of the transmitted or reflected polarization of the light.
Standard "pump-probe" experiments involve perturbing the electron charge and spin with an ultrashort light pulse (the pump), followed by a second weaker pulse (the probe) that acts as a diagnostic tool. By modulating the relative amplitude of the signals, as well as the delay between the pump and the probe, it is possible to measure with great precision the relaxation dynamics of the electron gas. High-intensity microwave and X-ray lasers are now currently used in pump-probe experiments. By varying the laser frequency and intensity, various dynamical regimes can be attained.
Electromagnetic pulses with intensity of the order of 10 18 Wcm −2 are able to break the internal Coulomb field of the atoms in a solid. Thin films irradiated with such intense sources of microwave radiation can expel electrons with extremely high energies (10-100 MeV).
Various experiments have confirmed that bunches of electrons can be expelled from a solid by the electromagnetic field pressure. These electrons are locked on the crest of the electric field of the laser and can follow the electromagnetic field for many cycles, reaching ultrarelativistic velocities [1] . The relativistic Doppler effect was also observed in experiments on nanometric thin foils irradiated with strong laser pulses [2] .
In the X-ray domain, lasers with intensity of 10 14 W cm −2 and energy around 1 keV (corresponding to a wave length around 1 nm) are currently applied to different areas [3] , particularly for imaging techniques. Because of the fine spatial resolution that they provide, devices based on such lasers can be used to investigate the local non-equilibrium spin dynamics of an excited system. With this approach, various physical systems were probed, including biological systems [4] , metallic films containing magnetic walls [5] , and the femtosecond spin response of thin metallic layers [6] .
Under such extreme conditions, the numerical simulation of the relativistic electron motion is a primary tool for the interpretation of the experimental results. A widely used approach relies on the application of statistical Monte Carlo methods and particle-in-cell (PIC) codes ?CITE?. These approaches are based on the classical relativistic equations of motion and discard spin and other quantum effects. However, various theoretical studies have revealed that the dynamics of a plasma interacting with an intense electromagnetic field may be modified by spin-dependent effects. For instance, Walser and Keitel [7] observed that the spin-orbit interaction generates some out-of-plane acceleration that is not present in the purely classical relativistic theory. Other theoretical studies, based on the the analysis of the motion of a Dirac wave packet, showed that the spin precession induced by a laser field is also modified by quantum-mechanical corrections [8] . Thus, the frequency and amplitude of the oscillations of the quantum spin precession could differ significantly from the classical spin evolution.
In this paper, we study the modification of the spin and velocity distributions of a relativistic electron plasma induced by quantum-mechanical effects. Our approach is based on the quantum hydrodynamic (QHD) representation, which governs the evolution of a small number of macroscopic quantities such as the particle density, average velocity, and average polarization (spin). Relativistic corrections are obtained from the Dirac Hamilatonian, developed to second order in the inverse speed of light by means of the Foldy-Wouthuysen transformation. We apply the final evolution equations to the study of traveling electromagnetic waves in a spin-polarized plasma slab.
In other areas of research (particularly quantum chemistry and atomic physics) relativistic corrections to the many-electron dynamics are usually taken into account through relativistic density functional theory (DFT) or Hartree-Fock methods [9] [10] [11] [12] [13] . These approachesalthough very fundamental and potentially exact -are in general extremely complex to handle either analytically or numerically, and rarely include spin effects. For these reasons, QHD models can provide a simpler alternative that is computationally less demanding but still captures the main physical effects.
The present paper is organized as follows. In Sec. II the details of the derivation of the hydrodynamic model are given. In Sec. III the model is applied to the study of a dense and weakly relativistic electron plasma, with particular emphasis on the effects related to the electron spin. Finally, in Sec. IV we draw our conclusions.
II. DERIVATION OF THE MODEL
In this section, we derive a quantum hydrodynamical model that describes the electron dynamics, including semi-relativistic and quantum effects, by means of a perturbative approach. The relevant equations of motion are obtained by the semi-relativistic expansion of the Dirac Hamiltonian. A well-established method to provide the semi-relativistic corrections to the motion was developed by Foldy and Wouthuysen [14, 15] . Within this approach, the positive energy spectrum of the Dirac Hamiltonian (matter) is decoupled from the negative energy part (antimatter) by means of a suitable quasi-unitary transformation. As a result, a hierarchy of asymptotic Hamiltonian operators is obtained, which are expressed in term of an expansion in the parameter β = v/c, where v is the typical velocity of the particle and c is the speed of light (equivalently the parameter 1/m, where m is the electron mass, can also be used for the expansion [16] ).
With this approach, it is possible to describe the motion of particles that travel at a sizeable fraction of the speed of light -a regime that is relatively common in atomic physics, particularly for heavy elements. In condensed-matter systems, the relativistic regime can be attained when the electrons are accelerated under the action of an intense laser source, an area of research that is rapidly growing [1] .
However, it should be mentioned that the Foldy-Wouthuysen (FW) expansion is not capable of correctly describing the ultra-relativistic regime (v ∼ c), and a fortiori the creation of particle-antiparticle pairs. The FW approach can be extended to ultra-relativistic velocities by applying some renormalization techniques [17] , but this approach will not be followed here.
Following Foldy and Wouthuysen, the particle motion up to order β 2 is described by the following Hamiltonian
where m is the electron rest mass, q is the charge,p is the momentum operator, µ B is the Bohr magneton, and σ is the Pauli matrix vector. This Hamiltonian models the interaction of an electron with a classical field described by the electric and magnetic fields E and B, or equivalently by the scalar and vector potentials, V and A. In the present work, we will adopt a mean-field approach, whereby the electromagnetic fields are obtained self-consistently from the distributions of charges and currents in the system (see Sec. III below). We also note that the FW Hamiltonian (1) is a 2 × 2 matrix of operators, in contrast to the 4 × 4 Dirac
Hamiltonian. The domain ofĤ F W is the standard Hilbert space of a spin-1/2 particle and the resulting evolution equation will be of the Pauli type.
In Eq. (1), the first two terms form the standard Schrödinger Hamiltonian in the presence of an electromagnetic field, whereas the third term is the Pauli spin term (Zeeman (1) can be found in [18] .
Here, we are interested in the study of the quantum motion of a relativistic particle -particularly the corrections that are due to the electron spin -in a semi-classical and semi-relativistic regime. As is well known, the spin is one of the physical quantities that is mostly affected by the quantum and relativistic nature of the particle. The most celebrated example is the spin-orbit interaction, which affects crucially, for example, the spectrum of a while the fourth-order terms will be shown without proof. In the numerical simulations of Sec. III, we shall restrict the calculations to third order.
We derive the quantum-mechanical evolution equation for the hydrodynamical variables
[particle density n(x, t), spin density s(x, t) and velocity u(x, t)] by applying the Madelung transformation [19] . This approach dates back to 1926 when E. Madelung realized that in the case of a spinless particle, the Schrödinger equation can be put in the following hydrodynamic form:
where the density n and the velocity u are related to the wave function ψ by ψ = √ n e iS/ and u = m −1 ∇S. The QHD equations have the form of an irrotational, compressible and isothermal Euler system with an additional term, of order 2 , sometimes referred to as the Bohm potential or quantum pressure [20] . As an alternative to the Madelung transformation, QHD models can be derived from a quantum kinetic approach based on the Wigner quasiprobability function [21] .
In order to extend the Madelung approach to spin-1/2 particles, one can generalize the Madelung ansatz as follows [22] :
where the phase S is a real function, and φ is a normalized two-component spinor (φ
The spin probability density can be constructed as: s = φ † σφ. In the case of a particle with spin, it is more difficult to define an average velocity. A possible strategy is first to compute the time derivative of the density n, and then impose that the continuity equation be satisfied. It is convenient to write the particle velocity as the sum of two terms: u ≡ v+w, where v and w are respectively the the fluid and spin velocities
By using the Schrödinger equation with the FW Hamiltonian i ∂ t ψ =Ĥ F W ψ, it is easy to verify that the continuity equation holds true:
We see that in our formulation the velocity field u has two spin-dependent contributions.
The first enters the fluid velocity v and was already present in the non-relativistic theory [22, 25] , while the second (w) is a relativistic correction that also appears in the semirelativistic kinetic theory [24] .
We now derive the evolution equation for the spin density s = φ † σφ. We obtain
where we used the continuity equation (6) . The time derivative of the particle wave function was obtained by calculating of the matrix elements of the FW Hamiltonian in the Madelung representation (details are given in the Appendix A). By using Eqs. (A15)-(A19) we get
where the components of the vector b are defined as
Here, ǫ irl is the Levi-Civita symbol and we use the Einstein summation convention on repeated indices, which run on the three spatial coordinates (x, y, z). It is more convenient to express the temporal evolution of the spin density in Eq. (8) in terms of the convective
After some simple algebra, we obtain
where
and
Various corrective terms to the classical spin precessional motion appear. The first describes the spin precession in the presence of the Lorentz-transformed magnetic field B−u×E/(2c 2 ), with the additional contribution of the effective field B * . The latter is a purely quantum mechanical effect that causes the spin to precess even in the absence of any external field [25] .
We now consider the evolution equation for the velocity field. From Eq. (3), we have
Taking the derivative of Eq. (12) with respect to the i-th component, we obtain
where we used Eq. (A3) in Appendix A. Equations (4), (12) , and (13) lead to
By using Eqs. (A10)-(A14) in Appendix A, we obtain
In order to proceed, we note that, for every vector a, we have
Equation (17) can be obtained by using
which follows directly from the definition of the velocity v in Eq. (4) and from Eq. (A3).
Using the above results, we obtain
where the total spin derivative is given by Eq. (9). After some straightforward computations, we obtain the evolution equation of the total velocity field u:
The evolution equation (20) shows that, in the semi-classical and semi-relativistic regime, the motion is strongly affected by the interaction between the spin and the velocity of the particle. When the spin is neglected, we obtain the simple Madelung system of Eqs.
(2). In the general case, the evolution equation takes a complex form with an intricate interplay between spin and velocity degrees of freedom. In particular, the term q 2m 2 s j · ∇ B j − 1 2c 2 (u × E) j describes the deviation of the particle velocity caused by the presence of an inhomogeneous Lorentz-transformed magnetic field (this is the effect responsible for the spin-dependent deviation of an electron beam in a typical Stern-Gerlach experiment).
Further, the term 2 4m 2 n ∂ k [n(∇s j )(∂ k s j )] is known as the spin potential and is described in some details in Ref. [25] .
As mentioned above, the calculations leading to the evolution equation (20) 
We will not include the fourth-order terms in the final version of our model that will be solved numerically in Sec. III.
III. APPLICATION TO RELATIVISTIC LASER-PLASMA INTERACTIONS
In this section, we apply the semi-relativistic QHD model to study the propagation of an electromagnetic wave (referred to as the "light") in a plasma slab. We will focus on the effects induced by the spin-dependent semi-relativistic corrections on the polarization of the incoming light. We consider a simplified slab geometry where the plasma is finite along one dimension (z direction), whereas it is uniform in the transverse plane. Such plasmas can be created by irradiating a solid film target with an intense laser pulse that extracts the electrons from the solid [REF] , while the more massive ions are still immobile and can be modeled by a continuous positive charge density n 0 (jellium model). Although the model is essentially one-dimensional (1D), the spin direction is maintained as a three dimensional vector s(z, t). Assuming that the dynamical variables n, u and s depend only on the longitudinal coordinate z, the system of Eqs. (6), (9) , and (20) simplifies to
whereê z is the unit vector along the z axis and we defined
All the quantities that appear in Eqs. (23)- (25) are dimensionless. We applied the following 
where α = e 2 /(4πε 0 c) is the fine-structure constant.
The electric and magnetic fields consist of external and self-consistent fields, generated by the plasma internal charge density and current. The external fields are the electromagnetic field of the laser (described by the vector potential A las ) and an external constant magnetic field B 0 . We decompose the electric field in longitudinal and transverse components, E = E zêz + E ⊥ . The longitudinal field E z is obtained from Poisson's equation
where χ = q/(ε 0 E 0 l 2 0 ). The transvere field is given by E ⊥ = −∂ t (A ⊥ + A las ), where the vector potential A ⊥ satisfies the d'Alambert equation
The expression for the current j is more difficult to determine. In a relativistic framework, the quantum-mechanical current contains other terms beyond the usual Schrödinger expression [18] . The first of such terms is the so-called spin current, which is proportional to the curl of the magnetization density [26] . For the sake of simplicity, we will only retain this correction and write the total current as
Finally, the total magnetic field is given by B = B el + B 0 where
We study the evolution of a laser beam propagating along the z direction and impinging the plasma slab with positive momentum. At t = 0 the system is at rest and n(z, t = 0) = n 0 (z). The density profile is depicted in Fig. 1 . In our simulations, we consider a plasma with a thickness l 0 = 40 nm and we study two different regimes of plasma density:
n 0 = 1.5 × 10 −4 nm −3 (rarefied plasma) and n 0 = 0.15 nm −3 (dense plasma). The external magnetic field B 0 = 10 −2 T is uniform and directed along the longitudinal direction z. We also assume that the electron gas is initially fully polarized along the same direction, i.e., s(0) =ê z . We excite the system by an intense source of linearly polarized light in the X-ray range. The electric field generated by the the laser has a maximum amplitude of round 10 10 V/m. X-ray lasers with similar intensity are currently used in experiments of spin excitation in ?metals cite?. In the forthcoming simulations, the laser wavelength λ is varied in the range between λ = l 0 /35 and λ = l 0 .
In the forthcoming description of the numerical results, we will focus on the polarization we depict (red dashed line) the same quantity for a case where all spin effects are neglected (i.e., by setting s ≡ 0 everywhere). The simulations show that irradiating the plasma with a strong laser pulse can trigger semi-relativistic spin effects that have a clear signature in the polarization of the emitted light. In particular, the modification of the Kerr-Faraday angles increases with the laser frequency, as can be seen by comparing Fig. 2 with Fig. 3 .
The study of the variation of the Kerr angle with respect to the laser energy (or frequency)
is presented in Fig. 4 , where we show the modification of the light polarization for different laser frequencies and two values of the plasma density. The values of the laser frequency are (Fig. 5, right panel) displays several peaks that follow a similar pattern.
At the frequencies 3×10 2 eV and 5×10 2 eV, the electromagnetic wave makes, respectively, one or two complete oscillations inside the slab. This is illustrated in Fig. 6 , where we depict the mean velocity (right panel) and the self-consistent vector potential A (left panel) at a given time. The density profile is also shown for comparison. The right panel of Fig. 6 shows that the laser field can accelerate the plasma up to 0.1% of the speed of light.
The spin distribution is shown in Fig. 7 . We represent the transverse components of the electron spin multiplied by the density profile: s ′ = sn/ max(n). This 3D plot, which displays Finally, in Fig. 8 we show the results for a case with high laser energy, for which the laser wavelength λ is much shorter than the thickness of the plasma slab l 0 . Comparing these results with those of Fig. 6 , we notice that the internal fields are considerably larger for the high-energy case.
IV. CONCLUSION
Relativistic effects can have an impact on the electron dynamics in heavy atoms, dense plasmas, and condensed-matter systems excited with intense and ultrafast laser pulses. In particular, the electron spin can couple not only to the electric field of the static nuclei (this is the ordinary spin-orbit coupling), but also to the self-consistent mean field generated by all other electrons, or directly to the magnetic and electric fields of the incident laser pulse.
In view of this complex variety of possible physical mechanisms, it may be necessary to go beyond the lowest order description of an electron with spin, i.e. the Pauli equation.
The purpose of this paper was to derive a self-consistent quantum hydrodynamic model that incorporates quantum, spin, and relativistic effects up to second order in 1/c. We Using this model, we studied the quantum-relativistic corrections to the electron spin precession in a one-dimensional plasma slab excited by a laser field. The simulations showed that quantum-relativistic effects have a clear signature on the polarization of the laser electromagnetic wave transmitted through the slab. Our results may be relevant to laser-plasma interactions at solid-state densities (hence the need to include quantum effects) and for large laser powers (which can accelerate the electrons to weakly relativistic velocities [30] ). The signature of the spin effects should be detectable using standard spectroscopy techniques.
Other possible areas of applications involve inertial confinement fusion [31] and astrophysical plasmas [32] , as well as nanometric systems (nanoparticles, thin films) excited with ultrashort laser pulses in the femto-or attosecond domain [27] .
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√ n α e iSα/ φ α , with a certain probability p α . In this framework, the expectation value of any quantity A is obtained by the simple average
where n is the total density of particle: n ≡ α n α . Taking A equal to s or u in Eq.
(B1), we obtain the average spin density s and average velocity u :
Applying the above averaging procedure to the microscopic continuity equation (6) (where we now add an index α to all the quantities) we obtain
From the statistical average of Eq. (24) we obtain
where we have defined the spin-velocity tensor
The last two terms in Eq. (B5) constitute the first many-body correction to the singleparticle equation for the spin density. The tensor T ij was also found in Ref. [22] where the non-relativistic QHD model with spin was derived. The spin-velocity tensor can be interpreted as representing the correlations between the microscopic spins and velocities, just like the ordinary pressure tensor (see below) represents the correlations between the microscopic velocities. This tensor also appears naturally in the fluid equations derived from a kinetic theory as in Ref. [28] through a moment expansion. Note, however, that the spin-velocity tensor vanishes at thermal equilibrium [28] .
In the derivation of Eq. (B5), we have also used the following approximations:
α p α q 2m 2 c 2 n α (E × s α ) · ∇s i,α ≈ q 2m 2 c 2 n (E × s ) · ∇ s i .
These approximations are all in the same spirit as the approximation that is usually employed for the Bohm potential, i.e.
which was also used in the derivation of Eq. (B5) and is generally valid in the long wavelength limit [29] . Besides, we note that all terms in Eqs. (B7) are quadratic in the spin variable, and therefore will not change the linear response and the dispersion relations, although they may affect the nonlinear behavior of the system.
For the velocity field, the many particle averaging yields
where we have defined the pressure P ij and the spin-pressure W ijk tensors as follows:
In order to solve the many-body equations (B5)-(B9), we need a suitable closure expression for the tensors T ij , P ij , and W ijk . For the pressure tensor, a number of different choices can be made. In the isotropic case, we may write
where P 0 and n 0 are reference values for the pressure and density. Depending on whether the plasma is degenerate or not, different values of γ are required in order to agree with the results from kinetic theory. For instance, the choice γ = 3 yields the correct dispersion relation for linear waves in a zero-temperature fully-degenerate plasma [29] .
